Abstract. Strongly real groups and totally orthogonal groups form two important subclasses of real groups. In this article we give a characterization of strongly real special 2-groups. This characterization is in terms of quadratic maps over fields of characteristic 2. We then provide examples of groups which are in one subclass and not the other. It is a conjecture of Tiep that such examples are not possible for finite simple groups.
Introduction
Groups in which all elements belong to the conjugacy class of their inverses are called real groups. It is well known that all entries in the character tables of finite real groups are real [Ser77] . However real groups may admit complex representations which are not realizable over R. Such representations are called symplectic. Real groups which do not admit any symplectic representation are called totally orthogonal. In 1985, Gow proved that groups O n (q) of special isometries of quadratic forms are totally orthogonal [Gow85] . It was already known by then that every element of O n (q) is strongly real [Won66] . Strongly real elements in a group are those which can be expressed as a product of two selfinverses. A group is called strongly real if all its elements are strongly real. It is straightforward to see that a group G is strongly real if for every element x of G, there exists an element y in G such that y 2 = 1 and x −1 = y −1 xy.
Like O n (q) there are plenty of groups which are both totally orthogonal and strongly real. According to a conjecture of Tiep finite simple groups are totally orthogonal if and only if they are strongly real. However there is no general class of groups known which exhibits one of these properties and not the other. In this article we exhibit an infinite class of groups, namely the class of special 2-groups, for which none of the notions of strongly reality and total orthogonality imply the other. This generalizes an example of a strongly real group admitting a symplectic representation [KS11] .
The plan of the article is as follows: In §1 we recall basics on quadratic forms over F 2 , where F 2 denotes the field with two elements. Then in §2 we record special 2-groups, quadratic maps, second cohomology groups and their interconnection. The understanding of this interconnection gives us a characterization of strongly real special groups in terms of their associated quadratic maps. This characterization is used in next section to show that all extraspecial 2-groups, except the quaternion group Q 2 , are strongly real. This requires a classification of extraspecial 2-groups as central products of D 4 and Q 2 , where D 4 denotes the dihedral group of order 8 [Gor82] . In the same section we convert this classification in the language of quadratic forms over F 2 . In last section we give examples of groups which are strongly real but not totally orthogonal, and vice-versa. A characterization of strongly real groups (Th. 2.5) and a characterization of totally orthogonal groups [Zah11, Th. 3.5] play key roles in the construction of these examples.
Quadratic forms in characteristic 2
Let F be a field of characteristic two and V be an n dimensional vector space over F. A map b : V × V → F is called F-bilinear if it satisfies the following properties:
For a quadratic form q the map b q is called the polar map of q. The pair (V, q) is called the quadratic space over
If B = {e 1 , e 2 , · · · , e n } is a basis of V then any n × n matrix Q satisfying q(x) = x t Qx, where x ∈ V is indeterminate column vector and x t denotes the transpose of x, is called a matrix of q with respect to basis B. Every matrix of q with respect to same basis is of form Q + A, where A is an alternating matrix and Q is the unique upper triangular matrix of q with respect to basis B.
If we change the basis and T is transition matrix for the change of basis then upper triangular matrix of q with respect to new basis is T t QT .
Two n-dimensional quadratic spaces (V 1 , q 1 ) and (V 2 , q 2 ) over F are said to be isometric if there exists an F-linear isomorphism T : V 1 → V 2 such that q 1 (v) = q 2 (T (v)) for all v ∈ V . Isometry between two quadratic spaces is denoted by (V 1 , q 1 ) ∼ = (V 2 , q 2 ). A quadratic space (V, q) is called the orthogonal sum of (V 1 , q 1 ) and (V 2 , q 2 ) if V = V 1 ⊕ V 2 and q(v) = q 1 (v 1 ) + q 2 (v 2 ), where v = (v 1 , v 2 ) ∈ V is an arbitrary element of V . In this case we write q = q 1 ⊥q 2 . Conversely, let (V, q) be a quadratic space and
The following theorem is analogous to the diagonalization of quadratic spaces over the field of characteristic different from 2.
. Every quadratic space (V, q) has an orthogonal decomposition V = U ⊕rad(V ) such that (U, q| U ) is regular and an orthogonal sum of 2-dimensional regular quadratic spaces, where (rad(V ), q| rad(V ) ) is an orthogonal sum of 1-dimensional quadratic spaces.
More explicitly, the orthogonal decomposition V = U ⊕ rad(V ) is such that there exists a basis
In this case we say that [ It immediately follows from above Proposition that every regular quadratic form over a field of characteristic two is even dimensional.
A quadratic from is said to be isotropic if there exists 0 = v ∈ V such that q(v) = 0, otherwise it is called anisotropic. Quadratic form [0, 0] is the only 2-dimensional isotropic quadratic form up to isometry. It is called hyperbolic plane and is denoted by H. A quadratic space is said to be a hyperbolic space if it is orthogonal sum of hyperbolic planes.
The following result is an analogue in characteristic 2 to the usual Witt decomposition in characteristic not equal to 2.
Proposition 1.2 ([HL04]
). Let q be a quadratic form over F. Then q = i×H ⊥ q r ⊥ q s ⊥ j × 0 , where q r is non-singular, q s is totally singular and q r ⊥ q s is anisotropic. The form q r ⊥ q s is uniquely determined up to isometry.
The anisotropic part q r ⊥ q s of q will be denoted by q an in short. Two quadratic forms q 1 and q 2 are called Witt equivalent (denoted q 1 ∼ q 2 ) if q 1 an ∼ = q 2 an . If q 1 and q 2 are non-singular then As all regular quadratic forms are of even dimension, the dimension invariant e 0 : W (F) → Z
2Z
given by q → dim(q) mod 2 is trivial. In char(F) = 2 case an invariant at next level is Arf invariant which is a substitute of Discriminant in char(F) = 2 case. It was defined by Arf in his classical paper [Arf41] . Let q : V → F be a regular 2n-dimensional quadratic form. As b q is an alternating form, the space (V, b q ) has a symplectic basis
The set ℘(F)} is a subgroup of (F, +). In the quotient F/℘(F), the class of element n i=1 q(e i )q(f i ) is called the Arf invariant of q and is denoted by Arf(q). It is independent the choice of symplectic basis (see [Sch85] ). Moreover, it defines a homomorphism Arf :
Special 2-groups and quadratic forms
Let G be a finite group. Let Ω(G) = x ∈ G : x 2 = 1 and
, the derived subgroup of G. Let Z(G) denote the center of G and Φ(G) denote the Frattini subgroup of G. Recall that for a non-trivial group the intersection of its index 2 subgroups is called its Frattini subgroup.
A 2-group G is called special 2-group if G is non-commutative and
Moreover, if G is a special 2-group such that |Z(G)| = 2 then G is called an extraspecial 2-group.
Remark. In a special 2-group, the order of non-identity elements is either 2 or 4.
From now onwards F 2 will denote the field of two elements and V and W will be vector spaces over F 2 . A map c : V × V → W is called a normal 2-cocycle on V with coefficients in W if for all v, v 1 , v 2 , v 3 ∈ V it satisfies the following conditions:
We denote the set of normal 2-cocycles on V with coefficients in W by Z 2 (V, W ) and consider it as an abelian group under pointwise addition. Let λ : V → W be a linear map such that λ(0) = 0. Then the map c λ :
is a normal 2-cocycle. Such 2-cocycles are called normal 2-coboundaries and their collection is denoted by
is called the second cohomology group of V with coefficients in W .
We consider V and W as groups under the operation of vector space addition. A short exact sequence of groups 1
The set of isomorphism classes of central extension of W by V is in one to one correspondence with
We record that the central extension of W by V corresponding to a cocycle class [c] ∈ H 2 (V, W ) is isomorphic to the group V×W , where the underlying set of the group V×W is just the cartesian product V × W and its group operation is defined by
for all v, v ′ ∈ V and w, w ′ ∈ W . The identity element this group is (0, 0) and the inverse of (v, w)
is bilinear. We denote by b q (V × V ) the subgroup of W generated by the image of b q . Let Quad(V, W ) denote the set of quadratic maps from V to W . We consider it as a group under the group operation of pointwise addition of maps. The following proposition gives correspondence between H 2 (V, W ) and Quad(V, W ).
to the quadratic map q c defined by q c (x) = c(x, x) induces a homomorphism between H 2 (V, W ) and Quad(V, W ). If the dimension of V is finite then this homomorphism is an isomorphism.
If dimension of V is finite then above proposition and the correspondence of elements of 
Note that the quadratic map q in the above theorem is regular and the image of b q generates Z(G). This quadratic map q is called the quadratic map associated to the special 2-group G. The special 2-group G in the above theorem is called the group associated to regular quadratic form q.
We recall the definition of central product of a two groups. Let G 1 and G 2 two groups, Z(G 1 ) and Z(G 2 ) be their centers and θ :
The central product of G 1 and G 2 is the quotient of direct product G 1 × G 2 by N . The following lemma relates orthogonal sum of quadratic maps to central products.
Lemma 2.4. Let V 1 , V 2 and W be finite dimensional vector spaces over the field F 2 . Let q 1 : V 1 → W and q 2 : V 2 → W be regular quadratic maps associated to special 2-groups G 1 and G 2 , respectively. Then
is a regular quadratic map and the group associated to q 1 ⊥ q 2 is G 1 • G 2 , where • denotes the central product.
Proof. Since quadratic maps q 1 : V 1 → W and q 2 : V 2 → W are associated to special 2-groups G 1 and G 2 , respectively, we have
and c 2 ∈ Z 2 (V 2 , W ) be normal 2-cocycles associated to quadratic maps q 1 and q 2 , respectively.
It is straightforward to check that c is a normal 2-cocycle on V 1 ⊕ V 2 with coefficients in W and the association (
The normal 2-cocycle c corresponds to the quadratic form q. Special 2-group associated with q is G = (V 1 ⊕ V 2 )×W , with the group operation
We need to show that
where
We notice that φ is a group homomorphism as
We shall use this lemma while discussing classification of extraspecial 2-groups. The following theorem gives a characterization of strongly real special 2-groups.
Theorem 2.5. Let q : V → W be a regular quadratic map with b q (V × V ) = W and G be the special 2-group associated with q such that V = G Z(G) and W = Z(G) (cf. Th. 2.3). Then G is strongly real if and only if for every nonzero v ∈ V there exists a ∈ V with v = a and q(a) = q(a − v) = 0.
Proof. We first suppose G to be strongly real. Let 0 = x = v ∈ V . Since G is strongly real there exists y ∈ G such that o(y) = 2 and yx −1 = xy. We take a = y. Then (yx −1 ) 2 = yx −1 xy = y 2 = e, which translates to q(a − v) = q(a) = 0.
For the converse part, recall that G = V×W where the group operation is defined by
it follows that y 2 = 1. Moreover
Therefore yxy = x −1 . Further since y 2 = 1, we conclude that yxy −1 = x −1 and G is strongly real.
In view of the above theorem, we remark that for a strongly real special 2-group the associated quadratic map is always isotropic. However the converse is not true. For example, consider the special 2-group G associated to the quadratic map q(x, y, z) = (x 2 + xy + y 2 , xz). The quadratic map is isotropic because q(0, 0, 1) = (0, 0). But the group G is not strongly real by above theorem because for v = (1, 1, 1), there does not exist any a such that q(a) = q(a − v) = 0.
Classification of extraspecial 2-groups
The aim of this section is to classify extraspecial 2-groups in terms of quadratic forms over F 2 and to show that all extraspecial 2-groups except Q 2 are strongly real. We start with two quick lemmas.
Lemma 3.1. Let V be a vector space over F 2 and q : V → F 2 be a regular quadratic form. Then the group associated to q is extraspecial 2-group, and conversely.
Proof. Recall that a special 2-group G is called extraspecial 2-group if |Z(G)| = 2. Proof follows from Th. 2.3 and Th. 2.2.
Lemma 3.2. The order of an extraspecial group is 2 2n+1 for some n ∈ N.
Proof. Recall that a regular quadratic form over a field of characteristic two is even dimensional (see §2, Th. 1.1). If G is an extraspecial 2-group and q : V → F 2 is the regular quadratic form associated to it as in Th. 2.2, then dim F2 V = 2n for some n ∈ N. From §3, G is in bijection with V ×F 2 . Hence |G| = 2 2n × 2 = 2 2n+1 .
In the rest of this article, D 4 will denote the dihedral group of order 8 and Q 2 will denote the quaternion group of order 8. Presentations of these groups are
Proposition 3.3. Let V be the two dimensional vector space over F 2 and q : V → F 2 be a regular quadratic form. Then the group associated to q is either Q 2 and D 4 .
Proof. Up to isometry there are only two regular 2-dimensional quadratic forms over F 2 . These are q 1 = [0, 0] and q 2 = [1, 1] (see §2). Recall that q 1 (x, y) = xy and q 2 (x, y) = x 2 + xy + y 2 .
We show that the extraspecial 2-group corresponding to [0, 0] is D 4 . From Th. 2.3 the group associated to q 1 : V → F 2 is V×F 2 , where the multiplication is defined by Proof. We have q 1 (w, x, y, z) = wx + yz and q 2 (w, x, y, z) = w 2 + wx + x 2 + y 2 + yz + z 2 . The following change of variables in q 1 converts it to the form q 2 Theorem 3.6. For every n ∈ N, there are exactly two extraspecial 2-groups of order 2 2n+1 ,
Proof. Let G be an extraspecial 2-group and q : V → F 2 be the associated regular quadratic form. Since q is regular, dim F2 (V ) is even, say dim F2 (V ) = 2n. Writing q as orthogonal sum of two dimensional regular spaces and using the isometry
Thus, in view of Prop. 3.3, the group corresponding to q is either
This completes the classification of extraspecial 2-groups. Their classification is also given in [Gor82] using group theoretic methods. We learn from [Wil09] that the classification of extraspecial 2-group using quadratic forms is known. However we do not know of any reference where it is mentioned in as much detail. . We now study strong reality of these groups.
Lemma 3.7. Central product of two strongly real groups is a strongly real group.
Proof. Central products are quotients of direct products. The direct product of two strongly real groups is a strongly real group. Further, a quotient of strongly real group is a strongly real group. Hence the result follows.
Proposition 3.8. All extraspecial 2-groups except Q 2 are strongly real.
Proof. It is easy to verify that the Dihedral group D 4 is strongly real. By Lemma. 3.7, the groups D are strongly real, by repeated use of Lemma 3.7 it is enough to show that Q 2 • D 4 is strongly real. We shall obtain this from Th. 2.5. The quadratic form associated to
To show that Q 2 • D 4 is strongly real using the criterion of Th. 2.5, for each v ∈ V we have to exhibit some a ∈ V such that q(a) = q(a − v) = 0. The following table demonstrates that it is indeed possible. v a (0, 0, 0, 1), (0, 0, 1, 0), (1, 1, 1, 1), (1, 0, 1, 1), (0, 1, 1, 1 ), (0, 0, 0, 0) (0, 0, 0, 0) (0, 0, 1, 1) (0, 0, 0, 1) (1, 0, 0, 0), (0, 1, 0, 0), (1, 1, 1, 0), (1, 1, 0, 1) (1, 1, 1, 1) (0, 1, 1, 0), (0, 1, 0, 1), (1, 1, 0, 0) (0, 1, 1, 1) (1, 0, 1, 0), (1, 0, 0, 1) (1, 0, 1, 1)
Therefore it follows that groups Q 2 D (n−1) 4
for n ≥ 2 are strongly real. The only extraspecial 2-group which is left out it Q 2 , which is not strongly real. This is because in Q 2 there is only one element of order 2, which is central.
We know the group Q 2 is real (see, for example [Ros94] , p.304). Therefore Prop. 3.8 gives that all extraspecial 2-groups are real.
Examples
In this section we obtain examples of special 2-groups which are strongly real but not totally orthogonal, and vice-versa. We first fix our notation in order to state a criterion for total orthogonality of special 2-groups.
Let q : V → W be a quadratic map and s ∈ Hom , n ≥ 2 are examples of strongly real groups which are not totally orthogonal. In fact these groups have exactly one symplectic representation which is of degree 2 n (see [Gor82] ). Further, the least order of a strongly real finite group which are not totally orthogonal is 32 and Q 2 • D 4 the only group of order 32 with this property. We have checked it by computer algebra system GAP [GAP08] . Next order in which an example of strongly real group with symplectic representations is found is 64. Example 4.2. Let V and W be vector spaces over field F 2 and q(w, x, y, z) = (z 2 + wx + wz + xy, wy) be a regular quadratic map from V to W . We show that the special 2-group associated to q is strongly real but not totally orthogonal. Let s : W → F 2 be the linear map given by s(w 1 , w 2 ) = w 1 + w 2 for (w 1 , w 2 ) ∈ W . Since s * (q) : V → F 2 is a regular quadratic form given by s * (q)(w, x, y, z) = (z 2 + wx + wz + xy + wy), the quadratic forms s * (q) and q s are same. The following change of variables in s * (q) converts it to the form [1, 1] ⊥ [0, 0]:
is not trivial. Hence by Th. 4.1 the special 2-group G associated with quadratic form q is not totally orthogonal. Now Th. 2.5 we show that the special 2-group G is strongly real. In following table we give a ∈ V for every v ∈ V so that criterion of Th. 2.5 is satisfied. This is the only special group of order 64 which is strongly real and not totally orthogonal. Another group of order 64 which is strongly real and not totally orthogonal is G = µ 2 × (Q 2 • D 4 ), where µ 2 is the group of order 2. The group G is not special. We have checked using GAP [GAP08] that G and G are the only strongly real groups of order 64 which are not totally orthogonal.
We now give an example of a special 2-group which is totally orthogonal but not strongly real. From Th. 2.5 and Th. 4.1 it is enough to find a quadratic map q : V → W between vector spaces over field F 2 such that the Arf invariant Arf(q s ) is trivial for all non-zero s ∈ Hom F 2 (W, F 2 ) and for every nonzero v ∈ V there exists a ∈ V with v = a and q(a) = q(a − v) = 0. We assert that such quadratic maps indeed exist. One such example is the following. ((w 1 , x 1 , y 1 , z 1 ) , (w 2 , x 2 , y 2 , z 2 )) = (w 1 x 2 + x 1 w 2 + y 1 z 2 + z 1 y 2 , w 1 y 2 + y 1 w 2 , x 1 y 2 + y 1 x 2 ) where (w 1 , x 1 , y 1 , z 1 ), (w 2 , x 2 , y 2 , z 2 ) ∈ V .
It is straightforward to check that rad(b q ) = 0 and b q (V × V ) = W . Hence by Th. 2.3 there exists a unique special 2-group G such that V = Z(G) and G Z(G) = W . The order of this group is |V | × |W | = 128. We shall make explicit computations to show that G is not strongly real but it is totally orthogonal.
For strong reality take, for example, v = (1, 1, 1, 1) ∈ V . Then we claim that for every a ∈ V with q(a) = 0 we have q(v − a) = 0. We first identify all a ∈ V such that q(a) = 0. Let a = (w, x, y, z) ∈ V be one such vector. Then q(w, x, y, z) = 0 will imply This table confirms that for v = (1, 1, 1, 1) there is no a ∈ V such that q(a) = q(a − v) = 0 and from Th. 2.5 we conclude that G is not strongly real. Now we show that the special 2-group G associated to the quadratic form q as in (1) is totally orthogonal. Since dim F2 (W, F 2 ) = 3, there exist exactly 7 non-zero F 2 -linear maps from W to F 2 , which are following s n (x, y, z) = ix + jy + kz; (x, y, z) ∈ W, 1 ≤ n ≤ 7, where n = 4i + 2j + k is the binary expansion of n ∈ {1, 2, · · · , 7}. We write various transfer maps of q s 1 * (q)(w, x, y, z) = xy s 2 * (q)(w, x, y, z) = wy s 3 * (q)(w, x, y, z) = wy + xy s 4 * (q)(w, x, y, z) = wx + yz s 5 * (q)(w, x, y, z) = wx + yz + xy s 6 * (q)(w, x, y, z) = wx + yz + wy s 7 * (q)(w, x, y, z) = wx + yz + wy + xy, where (w, x, y, z) ∈ V . By suitable linear changes of variables each of above quadratic forms is isometric to either q 1 : V → F 2 defined by q 1 (w, x, y, z) = wy or q 2 : V → F 2 defined by q 1 (w, x, y, z) = wx + yz. As a consequence, for all s ∈ Hom F 2 (W, F 2 ) the Arf invariant of the transfer q s is trivial and by Th. 4.1 the group G is totally orthogonal.
Remark. We remark that the smallest order in which a totally orthogonal special 2-group which is not strongly real exists is 128. We have checked using GAP [GAP08] that the smallest totally orthogonal group which is not strongly real is of order 64. That group, though, is not a special 2-group.
